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THE  RESOLVENTS  OF  KONIG  AND  OTHER 
TYPES  OF  SYMMETRIC  FUNCTIONS. 

By  Stanley  P.  Shugert. 


INTRODUCTION. 

Symmetric  functions  of  the  differences  of  the  roots  of  an  equa- 
tion are  an  important  part  of  many  theories,  particularly  of 
binary  invariant  theory,  and  much  attention  has  been  given  to 
the  computation  of  such  functions;  while  the  functions  which 
are  not  symmetric  in  differences  have  received  very  little  atten- 
tion, but  in  some  instances  have  an  important  bearing  in  general 
theories.  As  a  particular  instance,  there  are  the  resolvents  of 
degree  ("l)  of  an  equation, 

f(x)  =  ^  +  Axxm~l  +  A2xm~2  +  •  ■  •  +  Am  =  0, 

which  were  studied  by  J.  Konig  in  the  Mathematische  Annalen, 
Vol.  15  (1879).  In  brief,  these  are  constructed  as  follows:  the 
roots  of 

F(z)  =  f(z  +  M)  =  zm  +  B,z"^  +  •  •  •  +  Bm  =  0 

are  (a;  —  /u)  {i  =  1,  2,  •  •  •  m],  where  the  a;  are  the  roots  of 
f(x)  =  0.  The  equation  whose  roots  are  the  ("')  quantities  of 
the  type, 

(-  l)r(cv!  -  jti)(ai  -  n)  •  •  •  (ctr  —  a*)    (>'  =  1,  2,  •  ■  •  m), 

is  rational  in  Bi  and  is  a  resolvent  of  f(x)  =  0. 

In  volume  15  (1914)  of  the  Transactions  of  the  American  Mathe- 
matical Society,  Prof.  O.  E.  Glenn  has  published  a  paper  in  which 
is  given  the  expansion  of  the  binary  form  of  order  m  =  \xv, 

f(x)  =  a0X!m  +  a^-Kr,  +  h  amx2m 

as  a  power  series  in  which  the  argument  is  the  binary  form  of 
order  v, 

&  =  fcci"  +  tlX^Xi  +  •  •  •  +  fat". 
In  §  2  of  this  paper,  we  obtain  an  independent  proof  of  his  result 
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for  v  =  2  by  a  method  depending  upon  the  solution  of  a  system 
of  linear  equations  and  a  preliminary  lemma  on  determinants, 
§  1 .  The  remainder  of  the  present  paper  is  devoted  to  a  succes- 
sion of  applications,  introducing  theories,  which  depend  upon 
this  expansion  for  the  case  v  =  2,  and  finally  introducing  in  §  6 
a  method  for  the  determination  of  the  Konig  Resolvents  with 
the  aid  of  the  tables  given  in  §  7.  In  §  3  a  minimum  set  of 
seminvariant  conditions  that  a  given  quadratic  form  may  divide 
a  given  form  /  is  obtained  and  §  4  is  devoted  to  a  problem  in 
rational  fractions.  There  are  obtained  in  §  5,  methods  for  the 
computation  of  symmetric  functions  of  the  sums  and  of  the 
products  of  the  roots  of  an  equation,  taken  in  pairs. 

§1.    A  LEMMA  ON  DETERMINANTS. 
We  first  prove  the  following  lemma  concerning  determinants : 
Lemma:    The  determinant  {ars}  in  which  every  constituent  is 
zero  for  s  >  r  +  1  and  not  zero  for  s  =  r  can  be  reduced  to  a  deter- 
minant { ars }  in  which  every  constituent  is  zero  for  s  >  r. 

Let  \ars\  ■- 


(A) 


an, 

an, 

0 

••  o, 

0  • 

•  0 

«21, 

022, 

023, 

••  o, 

0  • 

•  0 

an, 

Ot2, 

•  •  a; 

i+l, 

0  • 

•  0 

•  0 

ar-x  i, 

flr-l  2, 

Or-1  3,  * 

•  •  Or. 

-1  i+l, 

•    ttr—  1  r 

ar  i 

Or  2, 

Or  3, 

•  •  ar 

i+l, 

•  arr 

Multiply  the  last  row  by  ar-i  rJaT  r  and  subtract  from  the  pre 
ceding  row.    This  will  give 

0,  0 
0,  0 


On, 
o2i, 


021  0, 

022  O23, 


(B) 


an, 


an 


•  ■  •        •  ■  •      ai  j+i,  0 

(ar_l(flr)r)l    («,■_!  (ar)r)  2  (ar-l(Or)r)i+l  (ar-l(aT)r)r-l 


0 
0 
0 
0 
0 

,  o 

arr  ttrr  Orr  Orr 

Orl,  Or2,  Or  i+l,        '"'  ttrr—  1,  ttrr 

in  which  (ar-i(ar)r)i+i  is  a  symbolic  notation  for  the  second  order 
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determinant  (or-i  i+iarr  —  ar_irar  i+i)-  The  minor  determinant 
Arr  is  of  the  same  type  as  the  determinant  A  and  by  applying 
the  same  process  to  it  and  continuing  the  method  for  each 
succeeding  minor  determinant,  we  finally  obtain: 


(ai(a2(a3  ■ 

■  •  (ar)r  • 

•  03)2)1, 

0, 

0 

(12(03  ■  • 

( r,  \ 

■  yflrjr  • 

(o2(o3(o4  • 

•  *  (Or)r  • 

■  04)3)1  (o2(o3 

•  •  •   (Or)r  •  •  03)2 

(» 

(03(04  •  • 

Kflrjr 

'  (nJn. 

JiJS  \fla\fli 

[flrjr        J  4)  3 

•  (ar)r  •  ■ 

Oi+l)l  (0i(0 

+  1  *  '  *   (°r)r  •  '  0i+l)2 

(0;+i(Oj-|-2  • 

■  (Clr)r  ■ 

'  0 i+2)i+l  Oi+i(Oi 

4-2  ••  1  (Or)r  '  '  0 1+2)1+] 

J 

Oi(Oi+i  •  •  • 

(or)r  •  •  0i+l)j 

0 

(Ot-fi(0;+2  •  •  • 

(or)r  '  •  0 1+2)1+1 ' 

(ar- 

-l(or)r)l 

> 

Cvrr 

Or_l(or)r)2 
Orr 

0 

aT\, 

Or2, 

Orr 

ti  =  1,  2, 

■■■  r,  j 

=  1,  2,  •  •  •  i). 

The  interlacing  determinant  notation  is  merely  an  extension 
of  the  symbolic  method  explained  above  for  a  determinant  of  the 
second  order.  These  determinants  are  expanded  by  means  of  a 
succession  of  second  order  determinants  and  the  method  as 
shown  for  (ar-i(ar)r)i+i  3  (or-i  ;+iOrr  —  ar-irar%+i)  is  to  take  the 
determinant  subscripts,  those  written  outside,  first  in  an  order 
symmetric  with  respect  to  the  center  with  the  product  of  the 
constituents  and  then  to  subtract  the  product  obtained  by  re- 
versing the  determinant  subscripts.  Except  in  the  last  reduction, 
two  constituents  of  the  second  order  determinants  will  be  sym- 
bolic determinants. 

Corollary:  The  determinant  {ars}s%r+i  can  be  written  as  a 
symbolic  determinant:  i.  e. 

{OrS}s>r+l  =   (01(02(03(04  •  •  •   (0r)r  1  1  04)3)2)1- 
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§2.   EXPANSION  OF  A  POLYNOMIAL  AS  A  POWER 
SERIES  OF  A  QUADRATIC  POLYNOMIAL. 

Theorem:  Any  form  of  degree  m  can  be  expressed  in  terms  of  a 
poicer  series  of  a  quadratic  form  with  linear  expressions  for  the 
coefficients. 

First:  if  m  is  even,  m  =  2n,  we  may  write, 

axm  =  a0x2n  +  olT2"-1  +  a2x2n~2  +  Va2n=  («i  +  a2x) 

(1)  +  (a3  +  aix)&  +  •  •  •  +  (a2r-i  +  a2r.r)(^2)'-1+ 

•  •  •  +  (a2n_!  +  ainx)(^)n-1  +  (£*2r, 

where  £x2  =  £Qx2  +  ^x  +  £2. 

Since  a0  =  £o"  and  is  determined,  the  number  of  as  on  the 
right  is  equal  to  the  number  of  a's  on  the  left  and  since  the  coeffi- 
cients of  the  powers  of  x  on  the  right  are  linear  in  the  a's,  we  have 
upon  equating  coefficients  2n  =  m  linear  non-homogeneous  equa- 
tions in  the  2n  quantities 

For  the  case  2n  =  4,  we  have 

(aQa1a2azai)(x)i  =  («i  +  a2x)  +  (as  +  a^^x2  +  fax  +  £2) 

+  (s£o.t2+^.t+^)2. 

and  upon  multiplying  out  and  rearranging, 

£o«4  =  oi  —  2%0%U 
£o«3  +  £i«4  =  a2  —  £i2  —  2^2, 

a2  +  £iOi3  +  £2«4  =  «3  —  2£i£2, 
«1  +  £2«3  =  «4  —  £22- 

Second:  If  ?ra  is  odd  m  —  2n  —  1,  we  can  write 
axm  =  oo-r2"-1  +  a^2"-2  +  o2.r2"-3  +  •  •  •  +  a2n_a 
(la)         =  (a-!  +  Q'2.r)  +  (as  +  «4a-)£r2  +  •  •  • 

+  +  azrXX&y-1  +  •  •  •  +  (a2„_i  +  A-.r)(^2)"-1. 

where  k  is  determined  to  be  a0/^on_1  and  we  have  upon  equating 
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coefficients  2n  —  1  linear  non-homogeneous  equations  to  de- 
termine the  2n  —  1  a's. 
For  the  case  m  =  3,  we  have 

(00010203)  0) 3  =  (ai  +  oitx)  +  («3  +  hx)(^x2  +       +  £2) 

and  upon  multiplying  out  and  rearranging, 

^0«3  =  Oi  —  £1, 
«2  +  £lOf3  =   02  —  £2, 
«1  +  ^2«3  =  03, 

if,  as  before,  we  take  ao  =  £on_1,  which  we  may  do  without  loss 
of  generality. 

The  particular  form  that  these  equations  take,  enable  us  to 
express  them  in  general  in  terms  of  an  operator,  when  we  observe 
that  any  power  of  a  form  is  a  covariant  of  that  form  and  so  is 
given  by  its  end  term  and  a  partial  derivative  operator.  Hence 
the  equations: 

D°^M2k  =  ox  -  Dtf(ml2), 
Z)o^[(»-2)/2]QW_1  +  B^m-^am  =  02  -  D^fm,2\ 

•  •  •  +  Di-iff ^Wy+i  •  •  • 

+  rf^Vi  +  D^Ffr-Ma*  =a,i- 

D%°a2  +  •  •  •  •  •  •   

Z)  V«i  +  Dtfa2  •  •  •  +  D*-J& im-j)l2]a7n-j+1  ■  ■  • 

+  £>m-2^[(m-2)/2]cvm-i  +  Dm-^m-vrl]am  =  am  -  Dmtf(ml2) 
(i  =  1,  2,  3,  •  •  •  to)  and  (j  =  1,  2,  3,  •  •  •  to). 

(TO  —  J  \  TO  —  J 

— 2 —  j  is  the  integral  part  of  — ^ —  >  ano"  D  is  the 

Aronhold  operator 

Also  Z)*-'ffK*"-1)«  =  0  for  j  >  i. 
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Solving  for  am-j+i,  we  have 


(Xm-j+l  — 


o,  o, 
o,  o, 


at  -  Dtfm»\ 
a2  -  D^fiml2), 


0, 


0, 


.  .  .  2)i-(j+i)^[(»-(;+D)/2]j   a.  _  2)i^»/2)} 


0,       D"1-™^0,  ••• 


0,  Z)o^-D/2] 


J)i-U-D  j:mm-U-l))/2] ^    .  .  .    J)i-2£Ellm-2)IZ\  ^  2)»-l^[(™-l)/2] 


where  A  =  £0m. 

If  we  expand  the  numerator  of  this  expression  in  terms  of  the 
column  a,i  —  Z>'£f("l/2),  the  minors  of  the  constituents  a*  —  D'^(ml2) 
are  determinants  of  the  type  (A)  of  §  1.  So  in  the  symbolic 
notation, 


(-        E  I  (D'iD2-  ■  ■  (Di_1(Z)i+1-  •  •  (Z)m~1(Z)m)M£o0)m~V 


This  result  enables  us  to  make  a  rapid  computation  of  the  cv{-  in 
particular  cases. 

Example  1.    m  =  4,  j  =  3. 


«2  =  [{m^m^m^Wx  -  d^) 

+  {(D1(D2(2)4)V)^o)1lo}(a3  -  (V. 


(2)     Q^-j+i  = 


i  =  I 


.  .  .\j+ltE^m-U+m^\i-\tE{(m-(j-\))l2-\ 
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+  D%°D%D%(a3  -  D%*)]*  -  £o4 
=  [l(££0-££o  -  D%D%)((h  -  Z>|02) 

=  [(£i2  -  fo&)(ai  -  2?0fi)  -  Ui(a2  -      -  fofc) 

+  £(f(«3  ~  fife)]  +  ?04 

=  [(-  £o£i3  +  a^!2  -  foSiaa  +  £o2a3)  +  2(£02£i  -  Mk]  -S-  £o4. 
Example  2.    to  =  3,  j  =  3. 

at  =  [(D\Ds)WUai  -  DM  -  {P\B^nm^  -  D%) 

+  (D\D2no°YUaz  -  D%)]  SV 
=  [(DfrD £0°  -  D%°D%)(ai  -  Db) 

-  D%-DW(ch  -  D%)  +  D%-D%°(a3  -  D%)]  + 
=  [(&■<>-  —  €i)  -  fo-0(a8-  fc) 

+  Co-l(a3-0)]-sV 


SO 


Without  interfering  with  the  generality  of  the  results  we  may 
take  i-o=l,  and  then  the  values  for  ax  and  a-2  can  be  put  in  the 
following  format 


(3) 


where 


£[(m-l)/2]  y  i+1 

ax=am-     E  %r^+2a^l,t 

i=0  \2 
2?[(m-l)/2]  ti 

a2=   E  r-^+la-t 

i=0         j  ^ 


Thus,  for  example,  the  results  in  the  particular  case,  m  =  4, 

*  CD*)'£o'  =  Di-i£o'  =  C°|o'  is  factored  out  of  each  term  since  it  enters  the 
result  as  a  constant  multiplier. 

t  Cf.  Transactions  Amer.  Math.  Soc,  Vol.  15  (1914),  No.  1,  p.  79. 

t  —  is  substituted  for  x  before  the  differentiation  is  performed  and  (i)  is 
the  power  of  the  differential  coefficient. 
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can  be  written 

Oil  =  di 


(4) 


or 


i  t  i+i 

i=0  * 


t=0 


(4a) 


ai  =  a4  —  ^iatix  —  tfttfaf'l 

=  a4  —  (a0£i2  —  ailx  +  a2)£2  +  a0^22, 

=  (—  ao£i3  +  ai£i2  -  «2^i  +  a3)  +  (2a0£i  —  ai)£2. 

This  result  agrees  with  that  of  example  1  if  we  make  £o  =  1, 
From  (3) 

(5)  F=(a1+a2x)  =  am+    £      -fl—  fimi+2a^;+  ^Q^a^ar. 


4=0 


There  is  proved  in  the  paper  just  cited  a  general  result*  which 
is  applied  here  for  the  case  v  =  2;  namely, 

(«27c+l  +  Oin+2%)  =   —  j£  q£  («2A-1  +  O^)- 

Hence  the  assumed  expansions  (1)  and  (la)  take  the  form 


(6) 


OF  1  d2^ 

|V         7  f£2\fc_L..._  -  —  -  (t2\E(.ml2) 


\Jc  1  E(m/2) 


The  coefficients  in  this  expansion  are  symmetric  functions  of 
the  roots  of  £x2  and  also  of  those  of  axm.  Expressed  in  terms  of 
the  coefficients  of  axm,  and  £x2,  they  are  linear  in  a0,  ai,  •  •  • ,  am, 
but,  in  general,  not  linear  in  £0>  £ij  £2-  These  functions  have  a 
seminvariant  character  as  appears  in  the  application  which 
follows. 

*  In  Glenn's  paper  the  corresponding  expansions  of  the  general  form  of 
order  im>  in  the  general  argument  £xv  is  given. 
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§  3.    CONDITION  THAT  A  FORM  CONTAIN  A  GIVEN 
QUADRATIC  FORM  AS  A  FACTOR. 


Using  the  expansion  (6)  obtained  in  §  2,  a  minimum  set  of 

necessary  and  sufficient  conditions  that  a  given  form  be  divisible 

by  the  rth  power  of  a  quadratic  form  is  the  identical  vanishing 

6F    d*F         d^F  . 
of  b ,  -T7T  ,  -TTTh ,  •  •  •  af.  -_r  •    oince  these  expressions  are  linear 

in  x  and  do  not  vanish  identically  for  every  value  of  x,  then  the 
identical  vanishing  of  each  of  these  r  expressions  necessitates 
the  vanishing  of  two  seminvariants,  and  hence  the  simultaneous 
vanishing  of  2r  seminvariants  furnishes  the  minimum  set  of 
necessary  and  sufficient  conditions  that  axm  be  divisible  by  the 
rth  power  of  £x2.  In  particular,  if  axm  contain  as  a  factor, 
then  from  (4)  and  (5) 


and  conversely.  These  two  conditions  are  equivalent  to  the 
redundant  set  of  m  +  1  conditions  furnished  by  the  identical 
vanishing  of  the  co variant  <£>,  given  by  Clebsch,*  which  for 
m  =  4  is 


where  D  is  the  discriminant  of  £x2  and  =  £/2  =  £x"2.  B.  Igelf 
has  developed  a  method  depending  upon  the  vanishing  of  a  series 
of  resultants  of  every  two  forms  of  a  certain  system. 

*  Theorie  der  Binaren  Formen,  p.  94. 

t  Sitzungsberichte  der  Kon.  Akad.  der  Wissenshaften  Matlmnatische.,  Bd. 
LXXXII,  p.  943. 


(7) 


,3T2^(ai')(«nyfl,  =  o, 


II) 
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§4.   SEPARATION  OF  aam/(&)k  INTO  PARTIAL 

FRACTIONS. 


From  (6)  §  2,  we  have 
dF  .  „  .    1  i 


(—  l)/c  dkF  (-  l)n  d"F 


Hence 

axm 


2\k 


F 


(&)k  (k2) 


2\A- 1  T" 


(-  D'-1^^ 


A-  —  1  & 


,  (-  1)*  W    (-  Dt+1at+1F 


+ 


(-  l)"^"^ 


\n  d£2 

or,  upon  writing  the  numerator  in  explicit  form, 

J5[(ro-l)/2]        fc  i+1  >  i 


i=0 


(&0 


2U 


,  "E"  JVt"1"/i€l"  -fi^+V^+^^a^ 


1—3 


£(m/2) 

+  E 


i=0 


I  —  S 


i  —  s 


t  2\fc— s 


To  illustrate,  let 


a* 


x4  —  x3  +  3.r2  —  x 


(£2)3  (a.2_x+1)3 

F 


dF/d& 


(x2  -  x  +  1)3     (,r  -  .r  +  1) 


:+  I2(.r2 


d*F/d& 


t  2 


as  +  1) 


From  (5) 

=  -  (s£l2  +  ?1  +  3)fc  +  £22  +  {  (-  £l3  -  s£i2  -  Hi  -  1) 

+  (2£i+  !)&}*, 


A  COMPUTATION  OF  SYMMETRIC  FUNCTIONS. 


I  I 


~  =  -  «i2  +  ?i  +  3)  +  2£2  +  (2fc  +  l)x, 

0§2 


Now,  £x  =  -  l,  t2  =  1. 


d-F 

\2d& 

dF 


=  1. 


1  d2F 


•'•    ^  =  x  —  2,  —  —  X  —  1,    -rx  tt-2  —  1 


2d£2 


Then 

a-4  -  x3  +  3a:2  -  x 


—  9 


+ 


X  +  1 


O2  -  x  +  l)3        (x2  -  x  +  l)3  1  (.r2  -  x  +  l)2  '  a-2  -  a;  +  1  • 


§5.    COMPUTATION  OF  SYMMETRIC  FUNCTIONS. 

The  two  seminvariants  obtained  in  §  3,  whose  identical  vanish- 
ing furnished  the  necessary  and  sufficient  conditions  that  a  form 
of  order  m  be  divisible  by  a  given  quadratic  form,  also  furnish  a 
direct  method  for  the  computation  of  certain  classes  of  symmetric 
functions. 

Let  the  to  roots  of 

f(x)  =  a™  =  a0xm  +  axxm~l  +  a2xm~2  +  1-  am  =  0 

be  X\,  a*2,  •  •  •  Xm,  and  denote  the  totality  of  the  sums  of  these  roots 
taken  in  pairs  by  £u-  and  the  products  in  pairs  by  £2;-.  [i,  j  =  1, 
2,  •  •  •  \m{m  -  1).] 

The  number  of  quadratic  forms  which  will  divide  axm  is 
^m(m  —  1)  and  they  are  of  the  form 

(8)  x2  -  (Xi  +  xf)x  +  xiXj  =  a-2  +  Ux  +  U- 

Hence,  if  from  the  two  conditions  (7), 

«1  =  Om  ~      E     %r~  Qj+*a™t  =  0, 
i=0  * 


£[(m-l)/2]  fc  i 


where  «i  is  of  order  m  —  2  in  £i  and  E  ^ m  ~j~  *  \  in  £2,  and  a2 
is  of  order  to  —  1  in  £j  and  £  ^  —  9     ^  in  £2,  we  eliminate  £2, 
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we  obtain  a  resolvent  of  order  \m{yn  —  1), 

$m(m— 1) 

(9)  *  =    E   (-  l)l'0!^i5m(m-1)-J'  =  o, 

1=0 

whose  roots  are  the  The  0;  are  values  of  the  elementary 
symmetric  functions  of  the  £i;  and  are  rational  functions  of  the 
as.    By  eliminating  £i,  we  obtain  in  the  same  manner 

Jm(ro— 1) 

(10)  =    £    (-  1)%£2*"*<™-1>-;  =  0, 

a  resolvent  whose  roots  are  the  The  1/7  are  the  values  of  the 
elementary  symmetric  functions  of  £2j-  and  are  expressible 
rationally  in  terms  of  the  as. 

§6.    THE  RESOLVENTS  OF  KONIG. 

The  ^  =  0  of  §  5,  is  the  Konig  resolvent  for  the  case  v  =  2. 
$  =  0  is  a  resolvent  of  a  similar  nature.  Both  of  these  resolvents 
have  been  studied  by  Glenn*  in  his  theory  of  the  rational  resol- 
vents of  the  factorable  ternary  forms. 

The  general  form  of  the  $  resolvent  is,  from  (7) 


m  [£(»»- 1)/2] 

-fl  »">••* 

•  0 

0, 

a-fi          »    "  " 

am, 

li             a-fi             >  '  ' 

•,o 

o, 

am, 

o, 

o,  • 

-1/2)] 

The  elimination  of  £i  from  equations  (7)  does  not  exhibit  the 

resolvent  in  a  concise  form  like  the  determinant  above. 

The  determination  of  the  |m(?re  —  1)  quadratic  forms  which 

divide  a  given  form  can  be  obtained  by  solving  either  $  =  0 

or  ^  =  0.    If  $  =  0  be  solved,  then  by  substituting  the  i-u  in  the 

condition  «2  of  (3),  £2i  can  be  obtained  and  the  quadratic  factor 

is  determined. 

*  Amer.  Jour,  of  Math.,  Vol.  32  (1910),  p.  80. 
t  The  order  of  the  determinant  is  m  —  1 . 

%  The  order  of  the  \£  determinant  is  ?»  —  1  +  m,  —  2  =  2m  —  3. 


=  0. 


1  Q 
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These  resolvents  are  given  for  the  ease  m  =  4.    From  (4°), 

Eliminating 

0,  2a0£i  —  «i> 

0 

Likewise,  eliminating  £i, 

0,         ao?2,  —  «is2, 
^  =       0,         0,  ao^2, 

-  a0,        «i.        2a^2  ~~  °2' 

0,  —  ao,  ai> 

0 

-  a0^22  +  (hh  +  o4,  0 

1<'1S2, 

—  ai£2  +  «3,  0 
2a„£2  -  «2,  -  a&  +  a3  1 

The  explicit  expanded  forms  of  *  =  0  and  *  =  0  can  be  ob- 
tained from  the  tables  in  §  7. 


0 


=  0. 


S7    T\BLES  OF  SYMMETRIC  FUNCTIONS  OF  THE 
§  ^  SUMS  f  ND  OE  THE  PRODUCTS  OF >  THE ; ROOTS 
OF  A  GIVEN  FORM,  TAKEN  IN  PAIRS. 
In  §  5,  it  was  shown  that  there  existed  two  resolvents  *  =  0 
and  *  =  0,  whose  roots  were  the  fc<  and  the  &  of  (8)  respectively, 
and  hence  the  coefficients  of  the  powers  of      m  *  =  0 >  and£, 
in  *  =  0  are  the  values  of  the  elementary  symmetric  functions 
of      and       respectively,  expressed  rationally  m  terms  of  the 
0>8  o  /  =  a .«    These  symmetric  functions  have  been  computed 
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for  the  cases  m  =  3,  4,  5,  6  and  a  table  of  them  in  homogeneous 
orm  completes  this  paper.    In  order  to  check  these  results 
the  following  formulas  have  been  derived : 

0*  =  Z  •  •  •  am\ 

<-^("f)-?^(o,)'"(iT--(::)". 
(■*')- ?-(;)"(D"  ■■■(:)". 

As  a  further  check  upon  the  fs,  it  may  be  noticed  that  by  inter- 
changmg  „  wtth  a,,  „,  with  «__,  etc.,  ft.  is  transformed  into 
Vm-y.    C.7  =  0,  1,  2,  ■  ■  •  m.) 


(a) 


(b) 


Table  la.*    m  -- 


—  Q 


01  =  2a0au 

02  =  or  +  a0a2, 

03  =  aia2  —  a0a3. 


Table  Ila.    m  =  4. 


Table  lb. 
fa  =  a32. 


01 

02 

03 

04 

05 

06 

3o02ai 

2a02a2 
+  3aoax2 

4a0aia2 
+  a,3 

—  4a02«4 

+  «0«lfl3 
+  <7o«22 

+  2ai2a2 

~  4a0aia4 

+  aia22 

—  «0a32 

—  at2a4 
+  aia2a3 

Table  lib. 


01 

02 

03 

04 

05 

«o2a2 

—  O02O4 

+  «o«ia3 


—  2a0a2a4 

+  O0«32 

+  ara4 

—  a0a42 
+  aia3a4 

+  a2a42 

06 


00  =  00  =  flo"1"1. 
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Table  Ilia,    m  =  5. 


01 

02 

03 

04 

05 

4a03ai 

3a03o2 
+  6a02Oi2 

o03o3 
+  9a02Oifl2 
+  4a0ai3 

—  3o03o4 
+  4a02aia3 
+  3o02a22 
+  9a0Oi2o2 
+  «i4 

—  lla03o5 

—  5a02OiO4 
+  2o02a2o3 
+  5a0ai2a3 
+  6o0Oia22 
+  3ai3a2 

Table  Ilia  {continued). 

06 

07 

08 

09 

010 

—  22ao2aia5 

—  2fl02fl2O4 

—  O02«32 

—  2a0Oi2o4 
+  6aoaia2a3 
+  a0a23 

+  2a!3a3 
+  3aiW 

—  4a02a2a5 

—  4a02a3«4 

—  16o0Oi2o5 
+  o0a22o3 
+  4ai2a2a3 
+  fii«23 

7a02o3o5 

—  4o02a42 

—  9a0aiO2«5 

—  3a0«iO3a4 
+  o0o22o4 

—  o0O2O32 

—  4a!3o5 
+  a^atfii 
+  «i2a32 
+  2axa22a3 

4a02a4a5 
+  4o0OiO3a5 

—  4o0OiO42 

—  a0a22a.5 

—  O0O33 

—  4ai2a2a5 

—  o4a22a4 
+  aia2o32 

—  a02a52 

+  2o0o1a4o5 
+  a0a2a3a5 

—  a0a32a4 

—  ai'2a42 

—  «ia22a5 

+  0x02080^ 

Table  111b. 

to 

fa 

a03a2 

—  o03a4 

+  «02«'1«3 

—  fl02«l«5 

—  2o02O2O4 
+  o02a32 
+  o0Oi2o4 

+  o02o3o5 

—  a02a42 

—  3o0«lO2Cf5 

+  a0aia3a4 
+  ai3a5 

2o02a52 

—  2o0Oia4a5 

—  2a0a2a3a5 

+  O0O2O42 

+  ai2a3o5 

Table  Illb  {continued). 

^9 

florets2 

—  3o0a3a4a5 
+  o0o43 

—  aiW 
+  aia2a4a6 

—  o0o4a52 

—  2aia3a52 
+  Oi042o5 
+  a22a52 

—  Oia53 

+  a2«4«52 

o3a53 

«54 

L6 
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-s- 

lO  CO 
tO                        N       f                          "5     H  ^1 

<o     uo        ciWcop^'Oc^coi^i  eo 

,£■^0          c  c?      cs  cs  ^         e  « 

e"o"o  a  cs      No  cs   o  %  cs  ^  e  ™rf  ^ 
cs  cs      co  cs  cs  co  cs  cs  io   o ^  cs  e 

NOONOJIMOOWi-lOOCOH    CS  CSOS^ 

1        1        t        1        1        1        !        1        1        1        1        1        1        1  1 

1 1 1 1 1 l+l +++++++ 

■§ 

CO 

^^CS^CSCScFcs^-S'  « 

no"o  8"o  8    CS    CS    ^    o        CS  CS 
CS    CS  mo  CS                     o  CS  Si 

ooMcMcescs^eee 

NH©COWIM(OIM<MOOCOCi 

1  I  1  1  +  +  +  +  +  +  +  + 

o 

■6- 

CO 

lO                          CM                CO  (M 

CS    CS    %  CS    CS  "c,  r?^^ 

CS    CS  "o  CS    CS         CS  CS 
OO   C  "oH   CS        GO  cs 
CM  <M  <M  CSCM^t'-H^^ 

1  1  1  1  +  +  +  +  + 

■©■ 

CO  w 

^     d  cq 
1<    M  M      CS  CS 

CS    Si  V,  CS    CS  ^ 
CS    CS  No  No  o 
CS  "o        CS    CS    CS  „ 
O    Cs    CS  US  GO  CD  "V, 

H          tO  H  H   H  CS 
1       1     +  +  +  +  + 

-6- 

cs 

CO  CN 
CS    N  -S1 
rH       <M  O 

CS    CS    CS  "o  w 

co     co      »o  ^ 

0  o     o   O  o 

C            C5  TjH  CS 

Gi  CO  M  LO 

1  +  +  +  + 

-§ 

CS  co 
i— i  i— i 

co  CS  CS 

co  CI 

o  cs  cs 

CS  CD  O 
N  H  H 

+  + 

— 

r:  CS 
CS  "><=> 

"o  CS 
CS  O 

Tj<  1— 1 

1 

+ 

■& 

r-l 

_C3 
o 
CS 

us 
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EH 


C    (N                                           CO  if3 
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O)            CO       13                             CO      C       C       C     03           TJH  Tjf 

'O^O'sJ       CO^p*       ^COO-^      OOO]          COCO         O        Lf3              p-v       CO  TfcO 

^  srt  BH  8   8  .?   8   8  "H  C„  ,?  i'  5  8   5        C3       c?«         8  8 

OJOICOCOOI        -^.i-^.'wC'oo]        <0"0       CO               OJ      03             CO  OJ 

™o     c,o  e  c  e  e  ^  <?,  ^  j  jr      ^  ^  ™rt  c  ^  cs  c  ^ 
oortico  «  ts  e  C3  so-*  e  e  c  c  ceo  cro-c  c"-e  c 

1—1  UU         ^  Cn  w  GO                CO  CN  ^T1  t^i  Cn  Cn  CN  O-l    O  CN  CC    C!  04  CO 

+I+I+I+I l+l l+l 1 1 1 1 ++++ 

o 

CO       iO                                             O  TP 

C      co     \o                  C      lis            lo  C 
p?           ^^CCoi        ^    ^'    S  c. 

'Ooi'O'Ooi       coTPr-OcoTfoiO             tj*  v.otp>ococo 

^^^'^jS'e  Cc?"rtc  c  fS'^w^c  j?c  Cc?  c  c 

_>J    sJ'O'O'o      oi     oj     co         oi     oi                          n      w      oj     co     oi     oi  co 
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iCHMCjHCDOtONh-NiO't    8NH10N10  0CO 

l    +    l      l    +    l      1      1      1      1      l    +    l    +    l      1    +  +  +  + 

o 

-e- 

CO  lO 
6       »3  «                                               C       -*  OJ 

occ^c^?^      cccFcw  ^ 

Ct2,ts'Cr?=?Ccc"rt"w!S,I£,C3  C«cT 

co    <o    <o      y-t    *o     oi     in     n    »     >j    Q    v  n  moicooa 

C^o^oCS^oS   C   C   ^^JT^A'^   c   c   e  « 
"a  C    C  "o  C         "o         C    C    Y=  SI  %                    =V,  rS1 

cooccoeceojoccccece^, 
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 1      1      1      1    +    1    +    1    +  +  +  + 

is 
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tO                                   ID      tO  c-1  tO 

f^tDNw   ,s  ,?  ^  e  e 

Op-*      .b     <o    O     <o     AJ  c^      O             to  ~v 
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eec3cec^^fr  to 
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PS     PS     PS     f"S     PS     P*y   ^       PS     ^  ^ 

N  N  CO  N  M  N   O  Tt<   <3  e 

1  ++  1  +  1  +  1  +  + 

iO 
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<o                to    171  CS 
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•21  CS  ci    w     £  CS  CS 
CS     co     i<     h   y     h  cc 

Mo  CS    CS    CS  C)0   CS  J± 
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n 
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63 
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1  + 

C3 
o 
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THE  RESOLVENTS  OF  KONIG  AND  OTHER 
TYPES  OF  SYMMETRIC  FUNCTIONS. 

By  Stanley  P.  Shugert. 


INTRODUCTION. 

Symmetric  functions  of  the  differences  of  the  roots  of  an  equa- 
tion are  an  important  part  of  many  theories,  particularly  of 
binary  invariant  theory,  and  much  attention  has  been  given  to 
the  computation  of  such  functions;  while  the  functions  which 
are  not  symmetric  in  differences  have  received  very  little  atten- 
tion, but  in  some  instances  have  an  important  bearing  in  general 
theories.  As  a  particular  instance,  there  are  the  resolvents  of 
degree  ('")  of  an  equation, 

which  were  studied  by  J.  Konig  in  the  Mathematische  Annalen, 
Vol.  15  (1879).  In  brief,  these  are  constructed  as  follows:  the 
roots  of 

F{z)  =  f{z  +  fi)  =  zm  +  +  •  •  •  +  Bm  =  0 

are  (ai  —  /x)  \i  =  1,  2,  ■  ■  ■  m\,  where  the  <X{  are  the  roots  of 
f(x)  =  0.  The  equation  whose  roots  are  the  (','.')  quantities  of 
the  type, 

(-  l)r(a<i  -  /u)(a2  -  m)  •  •  •  K  -  m)    0  =  1,  2,  •  •  •  m), 

is  rational  in  Bi  and  is  a  resolvent  of  /(.r)  =  0. 

In  volume  15  (1914)  of  the  Transactions  of  the  American  Matlw- 
matical  Society,  Prof.  0.  E.  Glenn  has  published  a  paper  in  which 
is  given  the  expansion  of  the  binary  form  of  order  m  =  y.v, 

f(x)  =  a0x{*  +  arx^xz  +  h  amx2m 

as  a  power  series  in  which  the  argument  is  the  binary  form  of 
order  v, 

?x    —  SO-' 1      \     sl-<l         2    \  \     ?v,(2  • 

In  §  2  of  this  paper,  we  obtain  an  independent  proof  of  his  result 
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for  v  =  2  by  a  method  depending  upon  the  solution  of  a  system 
of  linear  equations  and  a  preliminary  lemma  on  determinants, 
§  1.  The  remainder  of  the  present  paper  is  devoted  to  a  succes- 
sion of  applications,  introducing  theories,  which  depend  upon 
this  expansion  for  the  case  v  =  2,  and  finally  introducing  in  §  6 
a  method  for  the  determination  of  the  Konig  Resolvents  with 
the  aid  of  the  tables  given  in  §  7.  In  §  3  a  minimum  set  of 
seminvariant  conditions  that  a  given  quadratic  form  may  divide 
a  given  form  /  is  obtained  and  §  4  is  devoted  to  a  problem  in 
rational  fractions.  There  are  obtained  in  §  5,  methods  for  the 
computation  of  symmetric  functions  of  the  sums  and  of  the 
products  of  the  roots  of  an  equation,  taken  in  pairs. 

§1.   A  LEMMA  ON  DETERMINANTS. 
We  first  prove  the  following  lemma  concerning  determinants : 
Lemma:   The  determinant  {ars}  in  which  every  constituent  is 
zero  for  s  >  r  -\-  1  and  not  zero  for  s  =  r  can  be  reduced  to  a  deter- 
minant { ars }  in  which  every  constituent  is  zero  for  s  >  r. 

Let  {ars}  = 


(A) 


an, 

an, 

0 

■■  o, 

0  • 

•  0 

a>2i, 

an, 

023, 

••  o, 

0  • 

•  0 

an, 

a  i2, 

•  •  tti 

0  • 

•  0 

•  0 

«r-l  1, 

ar-\  2, 

«r-13,  • 

■  ■  ar. 

-i  i+i> 

•  a 

ar  i 

Or  2, 

ar  3, 

•  ar 

■  a 

Multiply  the  last  row  by  ar-\  TjaT  r  and  subtract  from  the  pre 
ceding  row.    This  will  give 

an,  o2i        0,         •  •  •        0,  0 

«21,  «22         o23,         •  •  •  0,  0 


(B) 


Oa, 


Oi2 


  aa+i,  0 

(qr_i(ar)r)i  (ar_i(or)r)2       (ar-i(ar)r)i+i  (ar-i(ar)r)r-i 


0 
0 
0 
0 
0 

,  o 


arr  Grr  a?r  art 

o-ri,  or2,       •••       ar  ••■      arr-i,  o 

in  which  (ar-i(ar)r)i+1  is  a  symbolic  notation  for  the  second  order 
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determinant  (ar_i  J+1arr  —  ar-i  ra>r  •  The  minor  determinant 
A„  is  of  the  same  type  as  the  determinant  A  and  by  applying 
the  same  process  to  it  and  continuing  the  method  for  each 
succeeding  minor  determinant,  we  finally  obtain : 

(fll (02(^3  •  •  ■  (<»r)r  •  •  03)2)1,  0  q 

«2(>3  •  •  •  (flr)r  '  '  -)z)%  ' 

(a2(a3(ct4  •  •  •  (,ar)r  •  ■  04)3)1       O2O3  •  •  •  OOr  ■  •  -  „ 
(a3(«4  •  •  •  (ar)r  •  •  04)3    '      («3(«4  •••  (ar)r  ■■  04)3' 


•  (ar)r  ■ 

0 1+1)1       (aifai+i  •  • 

•  (dr)r  *  "  0 2+1)2 

■  ■  (ar)r  • 

•  0  i+2)  i+l'   «i+l(«i+2  •  -  " 

(«r)r  -  -  0  t+2)i+l' 

Qi{ai+i  •  ■  ■  (ar)r 

'  Oi+i);  q 

•  •  0 1+2)1+1 

(ai+l(ai+2  •  ■  ■  (ar)r 

(ar-i(ar)r)i  ar-i(ar)r)2  _  n 

fl'rlj  &r2*  *  *  *  ®rr 

(*=  1,2,  •••  r,  i=  1,2,  •••  i). 


The  interlacing  determinant  notation  is  merely  an  extension 
of  the  symbolic  method  explained  above  for  a  determinant  of  the 
second  order.  These  determinants  are  expanded  by  means  of  a 
succession  of  second  order  determinants  and  the  method  as 
shown  for  (ar~i(ar)r)i+i  =  («r-i  i+i«rr  —  ar-irCtri+i)  is  to  take  the 
determinant  subscripts,  those  written  outside,  first  in  an  order 
symmetric  with  respect  to  the  center  with  the  product  of  the 
constituents  and  then  to  subtract  the  product  obtained  by  re- 
versing the  determinant  subscripts.  Except  in  the  last  reduction, 
two  constituents  of  the  second  order  determinants  will  be  sym- 
bolic determinants. 

Corollary:  The  determinant  \ars\s>T+i  can  be  written  as  a 
symbolic  determinant:  i.  e. 

{ars}s>r+i  =  (ai(a2(a3(ai  •  •  •  (ar)r  ■  •  04)3)2)1- 
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§2.   EXPANSION  OF  A  POLYNOMIAL  AS  A  POWER 
SERIES  OF  A  QUADRATIC  POLYNOMIAL. 

Theorem:  Any  form  of  degree  m  can  be  expressed  in  terms  of  a 
poioer  series  of  a  quadratic  form  with  linear  expressions  for  the 
coefficients. 

First:  if  m  is  even,  m  —  2n,  we  may  write, 

axm  =  a0x2n  +  di.T2"-1  +  a2.r2"-2  +  h  a2n  =  («i  +  a2x) 

(1)  +  (a,  +  a&)&?  +  • •  •  -f  (a2r-i  +  a2Tx){^y-'+ 

•  •  •  +  (a2n-i  +  a2„.r)(sV)n-1  +  (£x2)n, 

where      =  £0*2  +  fi«  + 

Since  «o  =  £o"  and  is  determined,  the  number  of  as  on  the 
right  is  equal  to  the  number  of  a's  on  the  left  and  since  the  coeffi- 
cients of  the  powers  of  x  on  the  right  are  linear  in  the  a's,  we  have 
upon  equating  coefficients  2n  =  m  linear  non-homogeneous  equa- 
tions in  the  2n  quantities  <Xi. 

For  the  case  2n  =  4,  we  have 

(aoa^asa^ixY  =  (oa  +  a2x)  +  (a3  +  a4.r)  (£0x2  +  £xa;  +  £2) 

+  (£oX2+£1.r+£2)2. 

and  upon  multiplying  out  and  rearranging, 

£o«4  =  d\  —  2£0£i, 
£o«3  +  £i«4  =  a2  —  £i2  —  2£0£2, 

«2  +  £l«3  +  £2C*4  =  «3  —  2£l£2j 

«i  +         £2^3  =  a4  —  £22- 

Second:  If  m  is  odd  m  =  2n  —  1,  we  can  write 
axm  =  ao-r2"-1  +  aix2n~2  +  a2.r2"-3  +  •  •  •  +  a2n-i 
(la)         =  («i  +  a2.r)  +  (a3  +  onx)^2  +  •  •  • 

+  (a2r_j  +  «2,r)(^2)r-1  +  •  •  •  +  («2n-i  +  ^X^2)"-1- 
where  &  is  determined  to  be  a0/£on_1  and  we  have  upon  equating 
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coefficients  2n  —  1  linear  non-homogeneous  equations  to  de- 
termine the  2n  —  1  as. 

For  the  case  m  =  3,  we  have 

(a0a1a2a3)(x)3  =  («i  +  a2.r)  +  («3  +  hz)^^  +  £icc  +  £2) 

and  upon  multiplying  out  and  rearranging, 

^o«3  =  ax  —  £i, 

«2  +  ^l«3  =   «2  — 
«1  +  £2«3  =  «3, 

if,  as  before,  we  take  do  =  £on-1>  which  we  may  do  without  loss 
of  generality. 

The  particular  form  that  these  equations  take,  enable  us  to 
express  them  in  general  in  terms  of  an  operator,  when  we  observe 
that  any  power  of  a  form  is  a  covariant  of  that  form  and  so  is 
given  by  its  end  term  and  a  partial  derivative  operator.  Hence 
the  equations: 

D0^-1^  =  ch  -  D^'lp\ 
WMVi  +  D^L(m-m]am  =  a2  -  D^(ml2), 

•  •  •  +  P-^^cw-i+i  •  •  ■ 

+  D«r-2),2Vi  +  D^m-^am  =  en  -  D^m'2\ 

D%0°a2  +  •  •  •  •  •  •   

Z) V«i  +  ZV«2  •  •  •  +  Di-Jtf MVW  •  •  • 

+  Z)— (m-2)/2]am_1  +  Dm~^m-l)'2icxm  =  am  -  Dmko(m,2) 
(i  =  1,  2,  3,  •  •  •  m)  and  (j  =  1,  2,  3,  •  •  •  m). 

(7)1  —  7  \  711  —  7 

— 2 —  j  ^s  the  integral  part  of  — ^ —  »  and  Z)  is  the 

Aronhold  operator 

(B=f'4+t!4)' 

Also  D*-itf®*-1M  =  0  for  j  >  i. 
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Solving  for  am-j+i,  we  have 
0,  0, 

o,  o, 

0,  0,        •  •  •  p*-U+«£fK»-w+«>«    at  -  D;^mi2\ 

0,       Dm-">^,  ■■■ 
Dm-m^,  D»-«*-Q£9,  ■  ■  ■  Dm-U+»^m-u+im,  am  -  Dm£f(m,2\ 

J)i-{j-l)  tmm-(j-l)V2)  ,  ,  ,  £)i-2t^[(m-2)l2]^  J)i—l^E[,(m-l)l2]  ~  ^' 
2)'n-(i-l)^;[(w-(.7-l))/2]     .  .  .   2)m-2|^[(»i-2)/21^  J)m-\ ££[(m-l)/2] 

where  A  =  £0m. 

If  we  expand  the  numerator  of  this  expression  in  terms  of  the 
column  a*  -  Z>'£f  m/2),  the  minors  of  the  constituents  en  -  D{^nm 
are  determinants  of  the  type  (A)  of  §  1.  So  in  the  symbolic 
notation, 

(2)    am-j+i  = 

(-        E  { {D\D2- ■  ■  (7)J'-1(Z)i+1  •  •  •  (Dra-1(i)m)"^o0)m"^o0 

i=l 

.  .  .y'+ltmm-U+l))l2]y-l£E[(m-U-l))l2] 
 .  .  .)2^[(»-l)/2])l^[(«-l)/2]|         _  j).ffi»/2)) 

This  result  enables  us  to  make  a  rapid  computation  of  the  on  in 
particular  cases. 
Example  1.    m  =  4,  j  =  3. 

a2  =  [{(Z)2(Z)W£o0)2£o)1&>}(fli  -  Dtf) 

+  {(Z)1(^2(^4)V)^o)1^o}(a3-  ^o2)]  -  (V. 
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-  D%°D%(D*)%(a2  -  D%*) 

=  [l(Z)£0-££o  -  D%D%)(ch  -  Dtf) 

=  [(£i2  ~  &&)(aa  -  2Ui)  ~  So£i(a2  -  - 

+  £o2(a3  -  fife)]  £o4 
=  [(-  £os£i3  +  aili2  -  £o£ia2  +  £o2a3)  +  2(£o2£i  -  -  Co4. 

Example  2.    to  =  3,  j  =  3. 

ai  =  [(Z)2(JD3)^0°)1Co(a1  -  Z)f0)  -  (W)W*o)(a,  -  Z>2£0) 

+  (DHm0)1.^^!  -  2>8fo)]  -  ,v 

-  D%-DU(a2  -  Z)2£„)  +  D%-D°W(a3  -  D%)]  + 

=  [«1'0  -  1  -  fc)  -  ^0-0(02  -  fc) 

+  ^0.l(«3-0)]-^o3 


fc.1  -  ^ 


Without  interfering  with  the  generality  of  the  results  we  may 
take  £o  =  1,  and  then  the  values  for  ax  and  a2  can  be  put  in  the 
following  form:f 


(3) 


where 


E[(m-l)l2]  H+l 

i=0  [I 
#[(m-l)/2]  h  i 

a2  =  E 

i=o  '£ 


fim  =  floH  r-  «i h  1"  •  ■  •  +  am-i~ 

ocii        aa%  am 


Thus,  for  example,  the  results  in  the  particular  case,  to  =  4, 

*  (DO'to*  =  Di_iy  =  Do£0»  is  factored  out  of  each  term  since  it  enters  the 
result  as  a  constant  multiplier. 

f  Cf.  Transactions  Amer.  Math.  Soc,  Vol.  15  (1914),  No.  1,  p.  79. 

t  —  f i  is  substituted  for  x  before  the  differentiation  is  performed  and  (i)  is 
the  power  of  the  differential  coefficient. 


8  THE  RESOLVENTS  OF  KONIG. 

can  be  written 


(4) 


«i  =  «4  -  Z  ^V2ait 

a2  =  tr-^+la-L 


i=0    1 1> 

or 

oci  =  ai  —  %2tii2ai(l  —  ^Wai^ 

x        =  «4  —  («o£i2  —  Gti£i  +  a2)£2  +  a0£22, 
(4a)  (i) 

=  (-  ao£i3  +  «a£i2  -  02^1  +  as)  +  (2a0£i  -  ai)&. 

This  result  agrees  with  that  of  example  1  if  we  make  £o  =  1. 
From  (3) 

£[(m-l)/2]  _  t  i+l  tj 

There  is  proved  in  the  paper  just  cited  a  general  result*  which 
is  applied  here  for  the  case  v  =  2;  namely, 

1  d 

((X2k+1  +  «2fc+2^')  ~   —  T         (a2k-l  +  «2^')- 

Hence  the  assumed  expansions  (1)  and  (la)  take  the  form 
dF  1  d2F 

(6) 

 (__  tL.U_J_  It  2UJ  ^   ft  2\i7(m/2) 

^    [fc    a^2UW  |  JS(m/2) 

The  coefficients  in  this  expansion  are  symmetric  functions  of 
the  roots  of  i-x2  and  also  of  those  of  axm.  Expressed  in  terms  of 
the  coefficients  of  axm,  and  £x2,  they  are  linear  in  a0>  Q>i>  ■  ■  * ,  «m, 
but,  in  general,  not  linear  in  £0>  lij  £2-  These  functions  have  a 
seminvariant  character  as  appears  in  the  application  which 
follows. 

*  In  Glenn's  paper  the  corresponding  expansions  of  the  general  form  of 
order  \*>  in  the  general  argument  £xv  is  given. 
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§  3.    CONDITION  THAT  A  FORM  CONTAIN  A  GIVEN 
QUADRATIC  FORM  AS  A  FACTOR. 


Using  the  expansion  (6)  obtained  in  §  2,  a  minimum  set  of 

necessary  and  sufficient  conditions  that  a  given  form  be  divisible 

by  the  rth  power  of  a  quadratic  form  is  the  identical  vanishing 

.  „  dF   d2F         d'-W  . 
of  t ,  77-,  XT-, ,  •  •  ■  ao  r_,  .    bmce  these  expressions  are  linear 

in  x  and  do  not  vanish  identically  for  every  value  of  x,  then  the 
identical  vanishing  of  each  of  these  r  expressions  necessitates 
the  vanishing  of  two  seminvariants,  and  hence  the  simultaneous 
vanishing  of  2r  seminvariants  furnishes  the  minimum  set  of 
necessary  and  sufficient  conditions  that  axm  be  divisible  by  the 
rth  power  of  £s2.  In  particular,  if  axm  contain  £x2  as  a  factor, 
then  from  (4)  and  (5) 


and  conversely.  These  two  conditions  are  equivalent  to  the 
redundant  set  of  m  +  1  conditions  furnished  by  the  identical 
vanishing  of  the  co variant  given  by  Clebsch,*  which  for 
m  =  4  is 


*  =  -  2Z?(a$)&-«.«  +  2£s»(ar)(a$")ya*  =  0, 
where  D  is  the  discriminant  of  £c2  and  |x2  =  %x'2  =  %x"2.    B.  Igelf 


has  developed  a  method  depending  upon  the  vanishing  of  a  series 
of  resultants  of  every  two  forms  of  a  certain  system. 

*  Theorie  der  Binaren  Formen,  p.  94. 

t  Sitzungsberichte  der  Kon.  Akad.  der  Wissenshaften  Mathematische.,  Bd. 
LXXXII,  p.  943. 


am-    E    V  Qmi+V^;  =  0, 

i=0         |  * 
.E(m-l/2)  fc  i 

t=0  1 


J7(m-l/2)  t 


(7) 
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§4.   SEPARATION  OF  axmKtf)k  INTO  PARTIAL 

FRACTIONS. 

From  (6)  §  2,  we  have 

OF  1  d2F 


+ 


(-  i)kdkF 


(—  l)n  dnF 

-(€.")»+■•■ 


-  (£*2)n 


(&2)fc 
Hence 


2\fc 


{&)k      (s£x2)fc  (&2)* 


=*-+ 


d'^F 

(- 1)^1^-1 


+ 


Lfc    ,afc|2  1   \k  +  i  a&w 

(•_  1)»  gnj? 

y  _  .  (-fc  2\n-fc 


or,  upon  writing  the  numerator  in  explicit  form, 


Or 


a?[(TO-i)/2]      H+i  £  i 


i=0 


(€/) 


2\fc 


£[(m-l)/2]  /  •   I    i  \  ti-s+1  .,  fc„i-a 

£(m/2)  i  —  S  ^  *'  —  *  11 


+  z 


i=0 


%  —  S 


(€-*) 


2\fc-8 


To  illustrate,  let 


.t4  —  or3  +  3.i'2  —  x 


m3    (.t2  -  .r  + 1)3 

F 


+ 


d*F/dtf 


O2  -  x  +  l)3     («2  -  -r  +  l)2  1    I  2(x2  -  x  +  1) 


From  (5) 


F  =  —  (tf  +  h  +  3)£2  +  t2=  +  { (-  £i3  -  £r  -  3fj  -  1) 


A  COMPUTATION  OF  SYMMETRIC  FUNCTIONS. 


dF_ 

3$i 


=  ~  (£i2  +  Si  +  3)  +  2£2  +  (2fc  +  l)x, 


d2F 
2d& 


=  1. 


Now,  £i=-l,&=  1. 


Then 

xi  -  a;3  +  3a2  -  x 


dF_ 


1  d2F 
x  +  1 


+ 


1 


(a-2  -  x  +  l)3        (x2  -  x  +  l)3  '  (x2  -  x  +  l)2  1  x2  -  x  +  1 


§5.    COMPUTATION  OF  SYMMETRIC  FUNCTIONS. 

The  two  seminvariants  obtained  in  §  3,  whose  identical  vanish- 
ing furnished  the  necessary  and  sufficient  conditions  that  a  form 
of  order  m  be  divisible  by  a  given  quadratic  form,  also  furnish  a 
direct  method  for  the  computation  of  certain  classes  of  symmetric 
functions. 

Let  the  m  roots  of 

fix)  =  a*  =  a0xm  +  axxm~l  +  a2xm~2  +  •  ■  •  +  am  =  0 

be  X\,  x<i,  •  •  •  x)n,  and  denote  the  totality  of  the  sums  of  these  roots 
taken  in  pairs  by  £i;  and  the  products  in  pairs  by  fa.  [i,  j  —  1, 
2,  •  •  •  |m(m  -  1).] 

The  number  of  quadratic  forms  which  will  divide  axm  is 
|m(m  —  1)  and  they  are  of  the  form 

(8)  x2  -  (Xi  +  xj)x  +  Xixj  =  x2  +  klhx  +  H2k. 

Hence,  if  from  the  two  conditions  (7), 

^[(m-l)/2]  £  i+1 
2f[(«»-l)/2]  t  i 

where  ot\  is  of  order  m  —  2  in  £j  and  E  ^  m  ~j~  ^  ^  in  fa  and  a2 
is  of  order  m  —  1  in  &  and  £  ^  —  9     ^  in  £2,  we  eliminate  £2, 
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we  obtain  a  resolvent  of  order  \m{m  —  1), 

(9)  *  =     E    (-  l)'^!^-1^  =  0, 

i=0 

whose  roots  are  the  The  0t-  are  values  of  the  elementary 
symmetric  functions  of  the  %u  and  are  rational  functions  of  the 
o's.    By  eliminating  %u  we  obtain  in  the  same  manner 

\m(m— 1) 

(10)  *  =    Z   (-  W;^"1-"1^'  =  0, 

a  resolvent  whose  roots  are  the  £2/.  The  ^  are  the  values  of  the 
elementary  symmetric  functions  of  £2;  and  are  expressible 
rationally  in  terms  of  the  a's. 

§6.   THE  RESOLVENTS  OF  KONIG. 

The  =  0  of  §  5,  is  the  Ivonig  resolvent  for  the  case  v  =  2. 
$  =  0  is  a  resolvent  of  a  similar  nature.  Both  of  these  resolvents 
have  been  studied  by  Glenn*  in  his  theory  of  the  rational  resol- 
vents of  the  factorable  ternary  forms. 

The  general  form  of  the  <3?  resolvent  is,  from  (7) 


0, 

J^«l+l/!)(jt»W,*-1)/!]  Q 

0 

am, 
0, 

Q>m> 

0#(m+3/2)-mWm'-1/2)J 
•    44            tl— fi  > 

,0 

0, 

o,  • 

J2-E(m  +3/2)am[-E(m- 

1/2)] 

The  elimination  of  £1  from  equations  (7)  does  not  exhibit  the 

resolvent  in  a  concise  form  like  the  determinant  above. 

The  determination  of  the  §m(m  —  1)  quadratic  forms  which 

divide  a  given  form  can  be  obtained  by  solving  either  <i>  =  0 

or  ^  =  0.    If  $  —  0  be  solved,  then  by  substituting  the  £n  in  the 

condition  «2  of  (3),  £2;  can  be  obtained  and  the  quadratic  factor 

is  determined. 

*  Amer.  Jour,  of  Math.,  Vol.  32  (1910),  p.  80. 
t  The  order  of  the  determinant  is  m  —  1 . 

t  The  order  of  the  *  determinant  is  m  —  1  +  m  —  2  =  2m  —  3. 
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These  resolvents  are  given  for  the  case  m  =  4.    From  (4a), 
ax=  —  a0?22  +  («o£i2  —  «i£i  +  a%)h  +  «4  =  0, 

a'o  =  (2a0£i— «i)^2+(-«o^i3  +  a>i£i2  —  «2^i  +  a3)  =  0. 

Eliminating  £2, 


$  = 


—  a0, 


«o£i2  —  oifi  +  a2, 


2a0£i  —  ai,  —  a0£i3  +  oi^i2  —  a2£i  +  a3, 


0, 


2a0£i  —  au 


0 


Likewise,  eliminating 


^  = 


—  oo£i3  +  «i£i2  —  a2£i  +  as 


=  0. 


-  ai%2, 

—  aob2 

+  a2£2  +  ai} 

0, 

-  a\&, 

0, 

0, 

-  ao, 

«i, 

2a0£2 

0, 

0  0 

—  ao^22  +  a2£2  +  a4,  0 

—  ai£23  —  «o^22  +  02^2  +  (h 

—  ai^2  +  «3,  0 

200$2  —  «2,  —  «'1^2  +  «3 


=  0. 


The  explicit  expanded  forms  of  $  =  0  and  ^  =  0  can  be  ob- 
tained from  the  tables  in  §  7. 


§7.   TABLES  OF  SYMMETRIC  FUNCTIONS  OF  THE 
SUMS  AND  OF  THE  PRODUCTS  OF  THE  ROOTS 
OF  A  GIVEN  FORM,  TAKEN  IN  PAIRS. 

In  §  5,  it  was  shown  that  there  existed  two  resolvents  $  =  0 
and  =  0,  whose  roots  were  the  i-u  and  the  £2;  of  (8)  respectively, 
and  hence  the  coefficients  of  the  powers  of  £i  in  $  =  0  and  £2 
in  =  0  are  the  values  of  the  elementary  symmetric  functions 
of  £ij  and  £2;-,  respectively,  expressed  rationally  in  terms  of  the 
a's  of  /  =  axm.    These  symmetric  functions  have  been  computed 
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for  the  cases  m  =  3,  4,  5,  6  and  a  table  of  them  in  homogeneous 
form  completes  this  paper.  In  order  to  check  these  results, 
the  following  formulas  have  been  derived : 


(a) 


(b) 


<j>k  =  X  Xi«oPi«i?i  •  •  •  aj1, 

(-Kf)=?-(o)"(ry-(:)'' 

i>k  =  £  ma0Piaiqi  ■  ■  • 


As  a  further  check  upon  the  ^'s,  it  may  be  noticed  that  by  inter- 
changing a,o  with  am,  cii  with  am_i,  etc.,  \pj  is  transformed  into 
tnr-i-    (i  =  0,  1,  2,  •  •  •  m.) 


Table  la.*    m  =  3. 
0i  =  2tt0«i, 

</>2  =  «12  +  «0«2, 

</>3  =  «i«2  —  a0a3. 


Table  lb. 

^i  =  a0a2, 
fa  =  aia3, 


Table  Ila.    m  =  4. 


4>Y 

<p3 

04 

05 

4>b 

3o02ai 

+  3a0ai2 

4a0«ia2 
+  or.!3 

—  4a02a4 

+  fl0«lO3 

+  aoa22 
+  2ai2a2 

—  4a0ctiO4 
+  ai«22 

—  a0a32 

—  ai2a4 
+  aia2a3 

Table  lib. 


1^3 

^5 

■Ac 

ao2a2 

—  a02a4 

+  flo«l03 

—  2a0O2Ct4 
+  a0a32 
+  «i2a4 

+  aia3a4 

+  a2a42 

a43 
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Table  Ilia,    m  =  5. 


01 

02 

4>i 

4>i 

05 

4a03ai 

3a03o2 

Oo3«3 

—  3a03a4 

—  11  a03o5 

+  6«02Oi2 

+  9a02aia2 

+  4a02o1o3 

—  5a02«iO4 

+  400a!3 

+  3a02a22 

+  2o02a2a3 

+  9a0Oi2o2 

+  5a0Oi2o3 

+  6a0ai«22 

+  3ai3a2 

Table  Ilia  {continued). 


06 

07 

08 

0a 

010 

—  22a2axa-0 

—  4a02O2O5 

7ao2a3a5 

4a02a4a5 

—  a02«52 

—  2a02a2ai 

—  4a02O3a4 

—  4a02a42 

+  4a0aia3a5 

+  2ooaiCt4«B 

0  0 

-  a0W 

—  16a0Oi2«5 

—  9a0OiO2a5 

—  4a0«iO42 

+  00020305 

—  2a0Oi2a4 

+  a0a22as 

—  3a0aiO3O4 

—  a0a22a5 

—  Cf0O32O4 

+  6000^203 

+  4ai2a2a3 

+  a0a22a4 

—  o0o33 

—  a.i2a42 

+  o0a23 

+  «l023 

—  O0O2a32 

—  4a!2a2a5 

—  a\a22a^ 

+  2ai3a3 

-  4ai3a5 

—  Cia22a4 

+  3di2a22 

+  a^aoQi 
+  ai2a32 
+  2aia22«3 

+  aja2a32 

Table  Illb. 


$3 

^5 

a03a2 

—  a03O4 
+  aQ2aia3 

—  Oo2aia5 

—  2«02O2O4 

+  o02o32 
+  o0Oi2a4 

+  O02O3O5 

—  CEo"042 

—  3a0OiO2a5 
+  o0Oia3O4 
+  ai3a5 

2a02o52 

—  2ooO!a4a5 

—  2aoa2a3a5 
+  a0a2a^ 
+  Oi2a3a5 

Table  Illb  (continued). 

'As 

a0a2ao2 

—  3a0O3O4a5 
+  o0a43 

—  ai2a52 
+  aia20406 

—  CtoaiCla2 

—  2axaza-2 
+  aia42a5 
+  a2W 

—  Oia53 
+  a2a4a52 

O3053 

a54 
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< 


oo 

■6- 

lO  CO 
O       lC           c-j        O       CO     ^     O       CJ      CO  CO 

,2"  53  <*>   j  j  ts  e?  bh  8  e  "5,         e  « 

C5      co     ^    O     *o  i— i     c~i    *^  c-i     ci      »-T  cicm 

e  reo  reo  e  e     °°a  e  %  1  e  ^  c  "V,  ^ 
^  c  c  ^  co  c  o  co  53  e  io   o"h  e  c 

MCONOSIMOOM'HOOCDH    53    53  O  TjH 

1 1 1 1 1 1 + 1 +++++++ 

lllllflllllllll 

-§ 

CO 

«o     »o              V    W        Nj       CO  «o 

O     <o      co    C      h     h     cq  «      ..T    *0  coon 

"o  roo  53      e  e  53  ,?  o  n  8  e 

0  c  roo  a  "o  No  "o  o  e  o 

NHCDCOCOMtONlMQOCOCD 

1  i           i           i           1           1           1           1           I           1           1  1 

1      1      1      1    +  +  +  +  +  +  +  + 

■§ 

CO 

53  ci 

iO                          CM                CO  C-1 

53     n.    „  53         53  53 
53    53         53    53  "ci  ^  J?  (m 
"*<=>  ™o  53  i— i  «o  53    %  %  53 
53    53  ™o  53    53  c,o  53    53  "In 
COO    53  >— 1  53-— 100  53 
<M  CO  <N    C3  CO        H  H  Tl< 

1      1      1      1    +  +  +  +  + 

CO  CM 
^       f)  N 

CO  CM  Q 

53    53    J?  -S1 

53        r-i       Cl     o  53 

"*o  53    53  c'o  r,o  o 
53  Mo  "o  53    53  53 
O    53    53  *0  CO  CO  rH 

r— 1   T^l   CO  r- 1  t— 1  I— 1  53 

I       I       1       1       1       1  1 
1       1     +  +  +  +  + 

53 

CO  C-1 

53  c-i  J? 

^       t-H       (M     53  ^ 

53    53    53  "0  J? 

rf     CO      CO       rs.  ^ 

0  o     o  o 

53    53    53  ^  53 
C-1  Ol  tO  N  LO 

1  +  +  +  + 

Cl 

53  co 

co  53  53 

53  "0 
"o  C  C 

53  CO  O 
N  H  H 

i — r 

Cl 

ci  53 
53  roo 
"*©  53 
53  O 

"xM  T-H 

1 

- p 

■§ 

H 

53 
o 
53 
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8 
c 

> 


CD 

ci                                eo  its 
.if    .if  ci             to                 co                 ©  C 

CO                 -*                  ^                  >-v       *0        lO   C3          'O  ^ 
•ir     O;      O       CO       ^               O       f     p-i        tO  CI  O 

n   ?  ?  s  e  e0   s  8  !?  e  s  2 

tO                     O    CO      d         co    <o       CO           CM       w  <0 

p-*,o'ocmcocop-*cm      r*.    r*.     cm     ci  c» 

OOO         O       O       O       i-<      <3  — 1        r-H       rH        .-1  — < 

eeocieccccicccce 
1 +++ 1 1 1 1 1 1 1 ++ 

— 

CD  CD 

C3           d        to             to     to                            cd  co 
OtOCOOC>C<CM„CM                                       CD                ifl                          CO  ^ 

C         o      C50COf-sC5     corsrs     o     c-i     cm  J?  „    ^  coco 

S3    ^^^^J^cP    ^ttcFc?    53    «    S  Wco               CS  C3 
Ocn      C    C    C    ^            m   C     o     co    co  co     im     cm      p-s    r*    O     ci  cj 

eecceccSlcSISISIecc^^cSiSi, 

QMOtOCO^N   CCO   C   C   C^-^^t1   C   CtJH   C  C 

1 + 1 +++ 1 1 ++ 1 1 ++ 1 1 1 1 ++ 

CD 

to  C3  io 

N«D              ^     ^*                CO                                                      CD  O 

r*  ^     »i?    oi  ?»f  C$    «o*                         CS    C3                     io  CS 
W'-oOJ^    Ocn      O  co       tjhcd           eo               „       'js   ?S;  cq 

^^"H^uSf^^^csew    s      ^  °%  <3  %  °%  g 

SZ>      cor^--sCCOiOco        TpuocqcM  ' >->     ^   co             pa  ^ 

r3r  «      j^^OCSCCCcococnc-i      fSM^5      ci  ci 
©   <o    so     oooooi-hi-ii-ii-i  jo  r-> 

CrHGOC^   CSC   e                   e  wh        e  ^ 

1 +++ 1 ++ 1 l+l 1 l+l 1 +++ 

■§ 

CD       CO                                             CO                CO  tO 

ioC3<nC3C3iocj  co 

iO             ^          CD     C3                 ^       lO      CO       ^     ^                           ^               ^  ^ 
■M         C      C3        tO     p-4;       ^P              Cj      ^      C      C    (N         C$       CO     p»*              <M                    CD      tO  CJ  CO 
JZ>       r-l       CJ     p^    c^-i              ^       C-J       CM          <M       Ol       CO       00                CO       ^      m                                   01     >^     Cj  CO 

r-*7»*?OC1ClCJ<M         »^)-^cOlO'OC(0       (MClO       CO  CO      CO        w>      7-^      *o  CI 

n  co  oo  c       e  c  co  co  e                   %  %  q  o 

MCOHiOCON^^HiON^N^    C3  Cj^^i— ( 

l  ++  l  ++  l  +  l  l  l  +  l  I  ++  I  l  l  l  l  +  +  + 

to                                                         tO      CO  IO 
C^CJCOiO                          O     6      S      G    W                    ■?  -3« 

!s,)s'ts'eclociC!2'^tsjf2'ce                 ^c  « 

io<o(o     co-^r*     ^coOJo    OOo      coco     Oio         jsco  co 
^^^CCc^CC^^fS1        rS'C^^'C       c?C  cc 

JO    _sO      'sj       CJ       (M       CO       CO  CM         ^                <0      ^      Q    C)         O'O       CO  CMCM„COCl 
CO       CM       CM         N      N                N        -H^W                 i-H  — (      CI       CM  CO         f-y    "M^     A  CI 

c  e  c  "o        c,o  o  c  c  SI  %  ^  1,  ^  e      c     ^  c  <2.  Si 

CXDTfHCO  C   C   C   C   CCO^fH   e   C   C   C   CCM   c"^c   c^c  c 

1    1           '-N    w>   UN    w   '-AJ   ^T1           T'J   UN    ^T1   ^T1    UN   UN    UN    UN     Q   UN    \f     ^   UN  C*J 

+I+I+I+I l+l l+l 1 1 1 1 ++++ 

-5 

CO      iO  CO 
G      Cj       (D      0                        C       .O  toCS 

^,  N        Q      C    W          CO-HipS'OcO^HClO                 Tjl  lOrT-p-icOCO 

t?i°  5§,^,t2,eCc?"wCCt£,cS1«  C^CCc?CC 

NJ'O^O'O       CJCICOjoClCa         W*0        lO  M         'O  C1COOCMCC 

"o^^^o^  e    C    C    Si  J?  JS1  ,S*  jE1  53    rS1         C    C    C    C  fS" 

c  e  c  c  c  ^0  No  "0  c  SI  SI  SI  SI  -cr  SI  c  ™_  m~  ^  c'~  S5, 

■^ClCO^GOeCClMCCCCoC'— ICCCCC 
l    +    l      l    +    l      1      1      1      1      l    +    l    +    l      1    +  +  +  + 

CD  lO 
lO      Cl     p-S                  „     ?S                 O       CM     ?-<  CO   

CO'O'O                *0       CM       CM       COj^i      «-iO^CO  lOCMCOCJ 

c^o^oC^oC  e  c  SI  SI  .s-  j  4'  cs  c  c  e  * 

™o  C    C  No  C  ^0  "0  "0  C    C    SI  SI  %       Mrt       =Vh  rS' 

cococcoeccfMoccceccc^. 

1      1      1      1      1      1      1      1      1    +    1    +    1    +  +  +  + 

is 
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CO 

si- 

CM        eo                          to  to 

jf  e         e  e  m       e  <o 

r-^^C3co        <o    53     ^    53      CO    53     p*.  10 

N>o  ^  e  e  e?  «  ^  e      e  C1-*  =? 

o    <o       0000*0       O  — i    <o       ,-1  ,-( 

+++ 1 + 1 1 + 1 1 ++ 

tO                                   tO       to  (N  tO 

e             e  e       uj  e  «> 

C>    r~     io     co   53    <o    A  cn      <3     m    co  *r 

c?    C3    C^^^^^cn^    «  <o" 
<o     -3-         ci      CO-^OfcLcs  ocj 
cn      r-^            r-(^-(^H<o     <-h   <o     ci  r* 

fS'cPc?  e  e  e  °e  ^  e  «  eF 

*0        00000*0        0*0        ©      i-l  i-l 

+  +  l  ++  I  I  +  I  +  I  + 

to 

to 

tO                          lO                                  C  li) 

to                 to  C3 
lo                           rs  „     'o  ^ 

CM              O            lO     CM              O  TjHlOwiCtO 

o     o      ci    o     <o      ^  w      CM       w>     C  co 
CN      W               «      <N                  H      H     O       H  h> 
O       O     O        o       O     O      »o      <<i        ©     w;  O 

e  55      e  c  "<=>  o  o  e   o  "V. 
Mwccococscecoeci 

1 +++ 1 + 1 1 1 ++ 

to     m            ko  to 
tO              co             Q       CO  ^         N  ^3 

CScni     C    C  fi     C5         Cj  m 

M^M  to 
CO       CO       (N       CM       C)       CI         fi      O  ■-, 

o    o    o     o     o    o  _>>     o   r-j  jo 
C5         CS    C3         C5  No  C3     o  w 
<N  <N  CO  <N  <N  <N    C  ^  C3 

I ++ l + I + l ++ 

to                 to    ^  <3 

Cr>    io            C    co  m 

<0       CO                <-H     <0  i— 1  CO 

mo  5s  e  8  ™o  s  « 

o  «0  "0  "0  Q  *>o  % 
<M    53    53    53  CO    55  53 

+  1  1  1 +  + 

CO 

1%  « 

to     <0      <0        CO  i-H 

C3  Mo  Mo  S 

^                     ps.     CO  C) 

o   'o    *o     o  o 
1       1     +  + 

CO 

53 

i-t 

53  53 

^  CO 

0  o 

1  + 

•5 

53 
o 
53 
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to 

to 

C3 

■«# 

to 

TP 

+ 

-S 

eo 

to 

tp 

1  + 

CO          w  tO 

to   C5  p* 

TP         <3      w3    CJ  CO 
tO       iC3     <0  tiS 

O      *-H     <0       CI  CO 

8   8  N   8  S 
+    1     1    +  + 

CI 

to 

co                    O  to 

tO  Cl  o 

to  CO       »J to  <o 
*0               tO    O     J-i    _  uO 

Tp      *0                   ^p      W  CO 

w>  ci      O    J  n       to  C 
<o      O     CO    O      Of*  CO 

e  r  «  c.  e 

O        O       i-t     O        i—i       CI  CI 

CI    C    C  CO    C   S  C5 

+  1  +  1  +  1  + 

o 

CM                    tO                      CI  CI 

to    o           lis         „       o     tp    w  ci 

e  e  8  s  *<!c?  e  e  5  ^ 

8888o888h  c-i 
N  CO  IM  ^    C  CM  C^l  CN    53  53 

1    ++    1    ++    1      1    +  + 

to 

cj                                           ci  to 
J?    to  ci      J?  C3 

iT3      ^       »0                          O           tO  CO 

CO              CI        QJ^CO         tO    f-v      ^  C 

ci      Q     ci    CJ           w    J   n    C     ci  c3 

8   6    8o  8    8    ^"h^h  8  ™<n 
NC08fOCOB88C08e 

1    +    1    +    1    ++    1      1    +  + 

